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Abstract. To solve problems of Gilbert Baumslag and Hanna Neumann, 
posed in the 1960's, we construct a nontrivial variety of groups all of whose 
noncyclic free groups are non-hopfian. 



1. Introduction 

Recall that a group G is called hopfian if every epimorphism G — s- G is an 
automorphism. Let Fm be a free group of finite rank m > 1, be a normal 
subgroup of Fjn and V{N) a verbal subgroup of N defined by a set of words V. In |2| , 
Baumslag proved that if both quotients Fm/N, N/V{N) are residually finite then 
the group Fm/V{N) is also residually finite. In this connection, Baumslag |2j posed 
the following problem. Is Fm/V{N) a hopfian group if the group Fm/N is hopfian? 
In particular, if F,n = N then Fm/N is trivial and hopfian and so the Baumslag 
problem asks about the hopfian property of relatively free groups Fm/V{Fm), where 
V{Fm) is a verbal (or fully invariant) subgroup of Fm- The problem on the hopfian 
property of finitely generated relatively free groups was independently stated by H. 
Neumann Problem 15]. Recall that a finitely generated residually finite group 
is hopfian (e.g., see Corollary 41.44 ^2]). Hence, if one could show that relatively 
free groups are residually finite then H. Neumann's problem would be solved in the 
affirmative. However, this is not the case in general and it follows from Novikov- 
Adian results jlj (see also J3j, ^HI, [HI) on the Burnside problem for 

odd n > 665 and Kostrikin-Zelmanov results |H1, 01 '^^ restricted Burnside 
problem for n = , where p is prime, that the free m-generator Burnside group 
B(rn,n) ~ Fm/F^ of exponent n is not residually finite if to > 1 and n is odd, 
n = p^ > 665 (in fact, B{m, n) is not residually finite for all to > 1 and n 3> 1 as 
follows from results of |H], 0, dji [201 > j^i [H] and the classification of finite 
simple groups). Whether the group B{m, n) is hopfian (or, more generally, whether 
there is a hopfian non-rcsidually finite relatively free group) is still unknown (the 
problem on the hopfian property of B{m^ n) for odd n ^ 1 is stated in jlUL Problem 
11.36(c)]). 

In this article we construct a variety of groups of exponent all of whose noncyclic 
free groups are non-hopfian providing thereby negative solutions to the foregoing 
problems of Baumslag and H. Neumann. To construct the identities that define 
such a variety of groups, we let [a, b] = aba~^b~^ be the commutator of a, b and 
set 

vo{x,y) = x, v,{x,y) = [{{xVfxy,x''fy, V2{x,y) = [v^{x,y)' ,x% (1) 
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Now we define the words wi{x,y), W2{x,y) by following formulas 

wi{x, y) = x'^viix, yy'x'^viix, . . . x"^/^-^vi{x, y)"+''-6 

a;^''/2-iui(x,?;)"+''-'^a;^''/2wi(a;,y)("+''-2)+V22.£i^,^(a,^y)-(«+i) 

x''vi{x,y)-^''+^K . .x'"^/^-'vi{x,y)-'-''+''-^'^x"^^^vi{x,y)~^''+''-^\ (2) 

W2{x,y) = yv2{x,y)'' '^^vi{x,yY^V2{x,y)'' y)^'w2(a;, y)" +^ . . . 

. . . v,{x, yr--^V2{x, yr^v2{x, yf+\ (3) 

where h = (mod 20), 

£lOfe+l = £lOA:+2 = £l0/£+3 = ^lOfc+5 = £l0fc+6 = I7 
£lOfe+4 = £l0fe+7 = £l0fe+8 = eiO/c+9 = ElOfc+lO = ^1 

for fc = 0, 1, . . . , h/10 — 1, and h, d, n are sufficiently large positive integers (with 
n :$> d :S> h 1). Note that the sums of exponents on x, y in both Q and Q are 
zeros. 

Now we can state our main result (note that this result was announced in |Z| 
Theorem 5]; for the sake of simplicity of proofs we changed the identities wi{x, y) = 
1, W2{x,y) = 1 presented in f^)- 

Theorem. Let 9Jt be the variety of groups defined by identities wi{x,y) = 1, 
W2(x,y) = 1, where the words Wi(x,y), W2(x,y) are given by formulas 0, (0. 
Then any free group of rank m > 1 in the variety dJl is not hopfian. 

To prove this Theorem, in Sect. 2, we inductively construct a group presentation 
by means of generators and defining relations. In Sect. 3, we apply the geometric 
machinery of graded diagrams, developed by Ol'shanskii |15) . |16| . to study sub- 
presentations of this presentation and to prove a number of technical lemmas. In 
particular, we use the notation and terminology of and all notions that are 
not defined in this paper can be found in jlRl . In Sect. 4, we show that the group 
presentation constructed in Sect. 2 defines a free group of rank m > 1 in the variety 
2Jl and this group is non-hopfian. 

2. Inductive Construction 
As in we will use numerical parameters 

and h = S^^, d = rj^^, n = l^^ (h,d,n were already used in JSJ-©) ^^nd employ 
the least parameter principle (LPP) (according to LPP a small positive value for, 
say, C is chosen to satisfy all inequalities whose smallest (in terms of the relation 
)^) parameter is C)- 

Let A = {fli, . . . , Om} be an alphabet, m > 1, and F{A) be the free group in A. 
Elements of F{A) are referred to as words in A^^ = AUA~^ or just words. Denote 
G(0) — F{A) and let the set JIq be empty. To define the group G{i) by induction 
on i > 1, assume that the group G{i ~ 1) is already constructed by its presentation 

G{i - 1) = (yi II i? = e 3^,_i}. 

Let Xi be a set of words (in A^-^) of length i, called periods of rank i, which is 
maximal with respect to the following two properties: 
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(Al) li A E Xi then A (that is, the image of A in G{i — 1)) is not conjugate in 

G{i — 1) to a power of a word of length < \A\ = i. 
(A2) If A, B are distinct elements of Xi then A is not conjugate in G{i — 1) to 

B or B-^. 

If the images of two words X , Y are equal in the group G{i — !),«> 1, then we 
will say that X is equal in rank i — 1 to Y and will write X Y. Analogously, 
we will say that two words X, Y are conjugate in rank i — 1 if their images are 
conjugate in the group G{i — 1). As in a word A is called simple in rank « — 1, 
i > 1, a A is conjugate in rank i ~1 neither to a power B'^, where \B\ < \A\ nor to 
a power of period of some rank < i — 1. We will also say that two pairs {Xi, X2), 
(Yi, Y2) of words are conjugate in rank i — 1, i > 1, if there is a word W such that 

Xi WYiW-^ and X2 '= WY2W-^. 

Consider the set of all possible pairs {X, Y) of words in A^^ and pick z* £ 
{1,2}. This set is partitioned by equivalence z*-classes C£{z*), I = 1,2,..., of 

the equivalence relation ^ defined as follows: (A'i,Yi) (A2,l2) if and only if 
the pairs (u^. (Xi, Yl), [Xi.Yi)) and (w^. (X2, 12), w^z* (A'2, Y2)) are conjugate in 
rank i — 1. It is convenient to enumerate (in some way) 

all 2*-classes of pairs {X, Y) such that w^' (A", Y) ^ 1 and u^. (A, Y) is conjugate 
in rank i — 1 to some power A^ , where A (zXi and / are fixed. 

It follows from definitions that every class ^Af contains a pair 

with the following properties. The word Xai ^j.z* is graphically (that is, letter-by- 
letter) equal to a power of Ba/j.z'i where Bai.j^z* is simple in rank i — 1 or a 
period of rank < i — 1; Ya/j^z* = Zaj ,j,z*YAf j,z*Z^) ^ where the symbol '=' 
means the graphical equality, 1^1/ j.z* is graphically equal to a power of C^/j.z*, 
where CAf.j^z* is simple in rank i — 1 or a period of rank < i — 1. We can also 
assume that if Di £ {A, Baj j^z* j C'a/ is conjugate in rank i — 1 to Z?^^, where 
D2 S {A.Bas .j,z' jCa! ,j,z*}i then Di = D2. Finally, the word ^a/j.z* is picked 
for fixed A^/ ^ 2*, YAf.j.z* so that the length |^a/j.z*I is minimal (and the pair 
(A^/^,-,.,Z^/,,-,.r4/^,-,.Z-;^.^.) belongs to e^/,j(z*)). Similar to HH, [S], [HI, 

the triple (A^i/ j , Ya/ ; -^A/ j",z* ) is called an {A^ z*)-triple corresponding to 
the class C^/ j(z*) (in rank i — 1). 

Now for every class 6^/ ^(2*) we pick a corresponding (A-^, j, z*)-triple 

{^Al j,z* , YaJ ,j,z',Za! J,z* ) 

in rank i — 1 and construct a defining word Rai .j.z* of rank i as follows. Pick a 
word Wa/j.z* of minimal length so that 

Vz.{XAf^^^z,,YAf^^^z,) W^A/j,z.^^W^^;,-,.- 
Let TAi\j^z-j UAfj.z* be words of minimal length such that 

Ta/j.z- W^^/j-,^.Wz*-i(Aa/ Fa/ ,,- ,,.)W^A/j,z* 
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(recall that vo{x, y) = x, see flj). 

If z* = 1 then, in accordance with we set 

j^{n+h-2+h/2}fjiei y^-(n+l)/y£2 
A^' A^ 

A^ J,l ' ^ ' 

where £i, . . . , e/i/2, h, n are defined as in (jS)). 
If z* = 2 then, in accordance with ij^ll, we put 

■■■-^Af,j,2^ A/ J, 2^ ' 

where 62, ■ ■ ■ ,Sh, h,n are defined as in 0. 

It follows from definitions that the word Ras .j,z-' is conjugate in rank i — 1 (by 

-1 - ' 

the word M^^^ ,^.^^.) to u;3*(^A/j,^-,^A/j,^0 7^ 1- 

The set Si of defining words of rank i consists of all possible words Rai ,j,z* 

given by (over all equivalence classes C^/.j(z*), A E Xi). Finally, we put 

Jii = U §i and set 

G{i) ^ {A\\ R^l,ReX). (6) 

The inductive definition of groups G{i), i > 0, is now complete and we can consider 
the limit group G(oo) given by defining words of all ranks j = 1, 2, . . . 

G{oo) = {A\\R^l,Re U°lo^j). (7) 



3. Several Lemmas 

We will prove (Lemma I13II that the group G(oo), defined by ||7J), is the free 
group of the variety 971 in the alphabet A, that is, G(oo) is naturally isomorphic to 
the quotient F{A)/Wi,2{F{A)), where W^i,2(-F(-A)) is the verbal subgroup ofF{A), 
defined by the set Wi^2 = {^1(2;, y), W2{x, y)}. We will also show that G(oo) is not 
hopfian fLemma ll4|l . But first we need to study the presentation © of G(i) and 
establish a number of technical lemmas. 

As in Sects. 29-30 JHIj the following Lemmas 1111121 are proved by induction on 
I > (whose base for j = is trivial). 

Lemma 1. The presentation of G{i) satisfies the condition R of jTFl Sect. 25]. 

Proof. This proof is quite similar to the proof of Lemma 29.4 Inductive refer- 
ences to Lemmas 30.3, 30.4, 30.5 [TB] (in rank « — 1) are replaced by references to 
Lemma El Note that, by Lemma we have that 

> 100C"^(ri + h)> \f\{n + h) 

(LPP: 5 = h~^ y y L = n^^) which implies that, repeating the arguments of 
Lemma 29.3 ^H]: we can conclude that the defining relators R, R' correspond to the 
same value of z*. Therefore, Lemma IT^ enables us to finish the proof of the analog 
of Lemma 29.3 as in ^H] (note that we need Lemma IT2] onlv when z* — 2). □ 
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Lemma 2. Suppose that Xi, Xi are some words and k is an integer. Then 

(a) // [Xf , = 1, then [Xi,X2] - 1; 

(6) If X^ ^ X2, then Xi ^ X2. In particular, the group G{i), defined by @, is 
torsion-free. 

Proof, (a) It follows from definitions and Lemma 25.2 that the group G{i), 
defined by 10, is torsion-free. Hence, we can apply Lemma 25.12 JH| to equality 

[X^,X^] = 1 and obtain that [Xi,X2] = 1, as required. 

(b) The equality Xi ^ X2 implies that = 1 and, by part (a), we have 
[Xi,X2] = 1. Hence, {XiX2^)'' = 1 and, as above, it follows from definitions and 
Lemma 25.2 that XiX2^ =^ 1. Lemma |21 is proved. □ 

Recall that a subgroup H of a, group G is called antinormal if for every g ^ G 
the inequality gHg^^ O H ^ {1} implies that g G H. 

Lemma 3. (a) Every word is conjugate in rank i to a power of either a simple in 
rank i word or a period of rank < i . 

(b) Suppose that each of A, B is either a .simple in rank i word or a period of 
rank < i and A'' is conjugate in rank i to , £ 0. Then A is conjugate in rank 
i to B or to B~^ . 

(c) Let A be a .simple in rank i word or a period of rank < i. Then the cyclic 
subgroup (A), generated by A, of the group G{i), defined by 0, is antinormal. 

Proof. Part (a) follows from definitions (see also Lemma 18.1 ^E])- Since the group 
G{i) is torsion-free by Lemma|21 we can argue as in the proof of Lemma 25.17 |16| 
(see also the proof of Theorem 19.4 fTO) to prove part (b) and obtain that an 

equahty of the form ZA''^Z^^ = A^, i ^ 0, implies that Z 6 (A), as required in 
part (c). Lemma 01 is proved. □ 

In addition to A-, B-, . . . , iJ-maps which are introduced and investigated in 
we will need /-maps (cf. ^Tj) defined as follows. A i?-map A is called an I -map if 
following properties (I1)-(I5) hold. 

(11) A is a map on a sphere punctured at least once and at most thrice. 

(12) The cyclic sections of the boundary dA of A are products of sections (some 
of which or all can be cyclic) of two types: long sections and short sections. 

(13) If s is a long section of dA then s is smooth of rank r{s) and |s| > lOC^^r(s). 

(14) If t is a short section of dA then \t\ < C|so|, where sq is a long section of 
minimal length. 

(15) If L{dA) and S{dA) are the numbers of long and short sections of dA, 
respectively, then S{dA) < 2L{dA) and 1 < L{dA) < 10. 

Lemma 4. Suppose that A is an I -map. Then there is a system of pairwise disjoint 
regular contiguity submaps of long sections to long sections in A such that no two 
distinct contiguity submaps of a long section si to a long section S2 are contained in 
any larger contiguity submap of si to S2 and the sum of contiguity arcs of contiguity 
.submaps of the system is greater than (1 — a^^^)Ls, where Lg is the sum of lengths 
of all long sections of dA. 

Proof. Without loss of generality, we can assume that every short section t of dA 
is geodesic in A (and that if t is cyclic then t is cyclically geodesic; note that we 
can always replace t by a homotopic to tin A geodesic path) . 
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This proof is analogous to the proof of Lemma 24.6 JH| (see also Lemmas 23.15, 
24.2 ^H] on C- and _D-maps). Repeating arguments of the proof of Lemma 24.6 
[16|. we can establish similar estimates for an /-map A. Note that we need to 
make straightforward corrections of the number of distinguished contiguity submaps 
between p and g, where p, q are sections of 9A or dli and 11 is a 2-cell of A, and 
of the number of distinguished contiguity submaps between sections of 9A. As in 
the proof of Lemma 24.6 jlSj, we obtain the estimate M < ai^(A), where M is the 
sum of weights of all inner edges of A and J^(A) is the total weight of A. 

Now we can argue as in the proof of Lemma 23.15 jJHl to derive that the sum of 
lengths of outer arcs of long sections of dA is greater than (1 — a'^/'^)Ls. □ 

Lemma 5. Suppose that each of Ai, A2, B is a simple in rank i word or a period 

of rank < i, [A\^ , Z A2^ Z^^] ^ 1 for some word Z, and is conjugate in rank i 
either to [^f ^ , ZAf ^Z"!] or to Af^ZAf-'Z-^. Then Q<\1\< lOOC"^ and either 
max(|^fi|,|ylf^|) < Q-^\B^\ if B^ is conjugate in rank i to [Af\ZAf^Z-^] or 
max(|^f i|, \Af^ \) < C^\B^\ if B^ is conjugate in rank i to Af^ZAf^Z'^. 

Proof. Without loss of generality (see also Lemma we can assume that if Bi G 
is conjugate in rank i to B2 e B^^}, then Bi = B2. 

If ^ = 0, that is, either [Af \ ZA^^ Z'^] = 1 or ^ZAf^Z-i = 1 then, by 

LemmaH we have that either [A'1\ ZA^^ Z-^] = 1 or A'I'ZA'^^Z-^ = 1, contrary 

to lemma's hypothesis [A''^\ ZA^^ Z-^] ^ 1. Hence, £ 0. 
First assume that 

[Af \ ZAf^Z-i] = WeB'^Wg^ (8) 

for some word Wb- Then there is a reduced diagram Ai of rank i on a thrice 
punctured sphere the labels of 3 cyclic sections of whose boundary dAi are 
j^-dki^ jji j-^^ ^^^^ constructed from a simply connected diagram Aq of rank i for 
equality © by identifying sections of dAo labelled by ZAf'^Z-^ and ZA^'^^^Z'^, 
Wb and Wg^). If \l\ > 100C\ then Ai is a G-map (see [El Sect. 24.2]) and, as 
in the proof of 25.19 J^Ii it follows from Lemma 24.8 ^B] that B^ = 1, contrary to 
Lemma|5]and £ 0. Hence, \£\ < 100C~^, as desired. 

Suppose that < Cl^f'l- Then Ai is an £;-map (see HSl Sect. 24.2]) 

and it follows from Lemmas 24.6, 25.10 16 that cyclic sections of dAi, labelled 
by Af^'^ , A^'"^^ are Ai-compatible. Now it is easy to see that B^ = I, whence 
£ = by Lemma El This contradiction to ^ 7^ shows that |Af ^1 < C~^l^^l, 
as desired. Analogously, 1^2*^^! < C~^|^^| (using equality JSJ, we can construct a 
similar diagram A2 the labels of 3 cyclic sections of whose boundary 9 A2 are Aj''^ , 
A'^'^^'^ , B^, and then argue as before). 

Now assume that 

Af^'ZAf^Z-^ 4 W^B^Wb^ (9) 
for some word Wb ■ Then there is a reduced diagram A of rank z on a thrice punc- 
tured sphere the labels of 3 cyclic sections of whose boundary i9A are A'^''^ , A'!^'^ , 
B^^ (A can be constructed from a simply connected diagram Aq of rank i for equal- 
ity by identifying the sections of i9Ao labelled by Z and Z~^ , Wb and W^^). 
If \l\ > 100C~^, then A is a G-map and, using Lemmas 24.8, 25.10 ^Hl, we can 
conclude that one of cyclic sections of i9A is compatible with another cyclic section 



NON-HOPFIAN RELATIVELY FREE GROUPS 



7 



of OA. Then it follows from Lemmas 3 and 24.9 [16| that [Af \ZAf"Z-i] = 1 

and so, by Lemma|21 [A\^ , ZA2^ Z^"^] = 1, contrary to lemma's hypothesis. This 
contradiction shows that \t\ < lOOC"^. 

Suppose that < Cmin(|Af ^1, \Af^\). Then A is an £;-map (see Sect. 
24.2]) and, it follows from Lemmas 24.6, 25.10 (IGj that two distinct cyclic sections 
of dA are compatible. As above, this implies that [A^^ ^ Z A'^^ Z^"^] = 1, contrary 
to lemma's hypothesis. Hence, it is shown that \B^\ > Cmin(|A^''^ |, |A2''^|). For 
definiteness, let |Afi| < |Af=^|. Then 

C|Afi|<|B^|. (10) 

If lAf^l < C^\B^\ then our proof is obviously finished. So we may assume that 

\Af^\> C^\B^\. (11) 

It follows from inequalities l|Tni)-(|nil that |Afi|,|B^| < Cl^f'l and we can see 
that A is an /-map. This, however, is impossible by Lemmas01and 25.10 (16j. This 
contradiction completes the proof of Lemma [S] □ 

Now suppose that X, Y are some words and 

[X,Y]^1. (12) 

Conjugating the pair {X, Y) in rank i if necessary, we can assume that X = B^^ , 
Y = ZC^^ Z^^ , where each of _B, C is either simple in rank i or a period of some 
rank < i and, when B^'^ , C^'^ are fixed, the word Z is picked to have minimal 
length. Furthermore, consider the following equalities 

[{{X'^Yyxy, X"^] I WfF'"'Wp\ [{{X'^YyX'^f, X^Y = WgG'"'W^\ 
[{[{{X'^Yyxy,X'^fYf,X'^] ^ WhH''"Wh\ 

where each of Z), E, F, G, H is either simple in rank i or a period of some rank < i 
and the conjugating words Wd,We,Wf, Wg, Wh are picked (when D, E, F, G, H 
are fixed) to have minimal length. 

Without loss of generality, we can also assume that if Ai e {B, C, D, E, F, G, H} 
is conjugate in rank i to A^^, where A2 G {B, G, D, E, F, G, H}, then Ai = A2. 



Lemma 6. In the foregoing notation, the following estimates hold 

< |/cd| < 100C"\ max(|B'"=«|,|C""^^|) < C"^|£'''°|, (13) 

\Z\ <3C^\D''"\, \Wd\ <5C^\D''''\, (14) 

< Ifcsl < 100C\ |i:>'"'^°| < C^i^fcEi^ (15) 

\We\<2C^\E''^\, (16) 

< l/fci^l < 100C"\ \E'^'"'\<C^\F'"'\, (17) 

\Wf\ <2C'^\F'"'\. (18) 



Proof If ko = 0, that is, X'^Y'^ = 1, then, by Lemma|21 XY = 1 and, therefore, 
[X, Y] = 1, contrary to inequality ((T^ . Hence fc_D ^ 0. 
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In view of inequality H12(l . we can apply Lemma [3 to the pair X = S'^^, 
Y = ZC^^Z"^ which yields that \kD\ < lOOC^ and |, |C"*'=c| < (-^\D''''\. 

Inequalities ]l'6\i are proved. 

In view of equality B'^^'^ ZC'^'^'^ Z~^ = WdD^'^W^^ , there is a reduced diagram 
A of rank i on a thrice punctured sphere the labels of three cyclic sections of whose 
boundary dA are B"^^^ , C'^'^^ , D'^" . It follows from Lemmas 22.2, 24.9 1^; that 

|Z| < (1 + 47)(|B'*^« I + \&''^ I + \D''" I). 

In view of inequalities (|13|l . we have 

\Z\ < (1 + 47)(2C-2 + i)\D^r, I < 3^-2|^feB 1^ 

as claimed in (flU) . 

By estimates and already proven inequality \Z\ < 3C^^|-D''°|, we have 

Hence, it follows from Lemmas^and 22.1 that 

\Wd\ < + h^){\X''Y''\ + \D''"\) < 5C^\D''"\ 
and inequalities H14|l are proved. 

Now assume that ks = 0. Then {X'^Y'^yX'^ = 1 which imphes that 

[{X'^Y^.X'^] = I. 

Hence, by Lemma |21 we have = 1, contrary to inequality H12|l . 

Consider the equality 

WdD'^^^W^^B'^^^ ^WeE^'^W^'^. (19) 

In view of Ijl^ll . 

\Bl \c\ < d-\-^\D''''\ < d-^c^ ■ imc^\D\ 

and so |B|,|C| < \D\ (LPP: C ^ = d'^)- Hence, [WdD'^''''Wjj^,B<^''''] ^ 1 
(otherwise, we would have a contradiction to Lemma|2J). This last inequality enables 
us to apply Lemma|Slto equality (fT^ and conclude that \kE\ < lOOC^^, \D^''° \ < 
Inequalities (fTK|l are proved. 
By jni, (Cll, (113, we obtain 

\WdD'^''''W^^b'^''^\ < (1 + nc'^d-^)\D'^''"\ < 2C-^\E'"'\ 

(LPP: C, >~ rj — (i^^). Therefore, it follows from LemmasQland 22.1 16 that 

\We\ < {-f + ^){\WdD'"'''W^^B'^''"\ + \E''''\) < 2C^\E'"'\ 
as claimed in (fT^ . 

Next assume that kp = 0. Then [{{X'^Y'^YX'^y , X'^] = 1. Hence, by LemmaH 
we obtain = 1, which contradicts inequality 11211 . 

Now consider the equality [WeE'^'^'^W^^ , B'^''^] = WpF'^^Wp^. By Lemma 13 
Ikpl < 100C"\ \E'^'"^\ < (-^IF^^I, and estimates dTTl are proved. 

In view of equality [WeE'^'^'^Wj^'^ , B'^''^] = WfF'"=-Wp\ it follows from Lemma 
22.1 [TBI that 

\Wf\ < (7 + ^)-2(2lV7i;| + |S'^'=^| + |S'^'^^| + i|F^^|). 
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Hence, by estimates (jni, JTHl), CSl), CH), we get 

\Wf\ < {l + 2j){{2C^d-^ + 1)\E'^^^\+CU-^\E'^^^\ + ^\F''^\) < 

< (1 + 2jM2C^d-' + 1) + C*d-'')C' + < 2r^|F'=^| 

(LPP: ^ > Q >~ rj = d^^), as required. Lemma|Hlis proved. □ 
Lemma 7. In the foregoing notation, the following inequalities hold 

0<|fcG|<10r\ (20) 

l^dfe^l < ^-l|(^fcG|^ (21) 

IM^gI <r'|G'='"l- (22) 

Proof. If fee = then [{{X'^Y'^YX'^Y .X^Y = 1 which impHes that F'^^'^ is 
conjugate in rank i to C~'^'^ . It follows from definitions and Lemma|Slthat F = C. 
However, it follows from Lemma El that 

|C| < C'^rf-^lffeFi < iQQC-^d-'^\F\ < \F\ (23) 

(LPP: C>~ V = d^^)- Hence ka / 0. 
By definitions, we have 

WpF'^'^^Wp^ZC'^^Z-'^ A WgC'^'W^K (24) 

By Lemma El 

\Wp^ZC'"'Z'^Wf\ < {iC'^ + GC^d'"^ + C-'^d-^)\F'"'\ < 

< bC^d-^ \F'^'"' I < CIF'""' I (25) 

(LPP: r] = d-i). 

If jG*'''^! < then a reduced annular diagram of rank i for conjugacy of 

words F'^'"'Wp'^ZC'"^Z-'^Wf and G'^^ (see (EH)) is an F-map (see Sect. 24.2 
jEj) whose existence contradicts Lemma^and Lemmas 24.7, 25.10 ^Bl- Therefore, 
IG-feGi > ^|i^dfep| ig proved. 

In view of equality H24|l . there is a reduced diagram A of rank i on a thrice 
punctured sphere the labels of whose cyclic sections are F'^^'' ^ C'^^ , G~^° . It 
follows from Lemma that 

(LPP: C > 11 = d-i). Hence, by \C^'^\ < Cmin(|F'''=^|, |G'=<^ |). If Ifccl > 

lOC""'^, then A is an i?-map (see Sect. 24.2 [EI) and we can argue as in the proof 
of Lemma 25.19 ^^1 to show that F = G and the cyclic sections of A labelled by 
pdkp ^ Q-kE g^pg i^-compatible. Then G*^^ is conjugate in rank z to a power of F. 
This, however, is impossible by LemmaOand inequality (|23|l . Hence, Ifccj < 10^"-'^ 
and inequalities H20|l are proved. 

By Lemma n we can apply Lemma 22.1 '16' to a reduced annular diagram of 
rank i for conjugacy of words WpF'^^'^Wp^ ZC^^ Z~^ and G'^'^ to obtain, using 
estimates (|2J, (jlHl, that 

\Wg\ < (7+|)(C + l)(|J^''n + |G'="l)<(7 + ^)(C+l)(r' + l)|G'=^l <r'|G'="i, 
as claimed in (|22l) . Lemma is proved. □ 
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Lemma 8. In the foregoing notation, the following inequalities hold 

< l/fci/l < 100C~\ \G'"'''\<C^\H''"\, (26) 
\Wh\ <2C^\H''"\. (27) 

Proof Assume that [{[{{X'^Y''YX'^Y , X'']'^YY , X'^] = 1. Then, by LemmaHl we 

also have [[{{X'^Y'^YX'^Y,X'^]'^Y,X] = 1. Since X = B^^ , it follows from Lemma 

Elthat [{{X'^Y'^YX'^Y.XyY ^ for some i and so is conjugate in rank i 
to B^ . By Lemmas |B1 and |3 

< C'^d-^\F''^ \ < C~^d-^|G'=^| < 10C"^rf-''|G| < |G| 

(LPP: ( y rj = d^^), whence \B\ < \G\. This, however, contradicts Lemma 13 

Hence, [{[{{X'^Y'^)'^X'^y,X'^fYY,X'^] ^ 1 and so kn + 0. 

By definitions, [WgC^^^M^c ^ ^'^''''] = WHli^"W]^^. By Lemma < 
100C"\ |G'"'<3| < and estimates ^ are proved. 

As in proofs of Lemmas |H1|7| we have from Lemmas ^ and 22.1 JHj that 

Wh\ < h+^)-2{2\WG\ + \G'^''''\ + \B'^^^\ + ^\H''''\). 
Hence, by Lemmas and estimates ()26|l. 

\Wh\ < (l + 27)((2C^d^^ + l)|G'"'^'=|+C^d-4|G'''=«| + i|ij'=«|) < 

< (l + 27)((2rid-i + l + C^d-4)C"^ + i)|i?'^'"| < 2C^\H''"\ 
(LPP: 'J y ( y rj — d^^), sls required in (|27|l . Lemma |H1 is proved. □ 

Lemma 9. Let Raj j.z* defining word of rank i + 1 defined by Q if z* = 1 
or by © i/z* = 2. T/ien < |/| < lOOCS \A\ > d, the words T^/j^., UAf.j,,.* 
do not belong to the cyclic subgroup {A), generated by A, of G(i) and 

niax(|r^/_j-,.|,|[/^/j.,.|) < d\A\. 

Proof. First we let z* = 1. It follows from definitions that, in the foregoing notation, 
we can assume that 

and / = f{A-f,j, 1) is fc^. Hence, in view of Lemmas|Hl[7| 

< I/I < ioor\ 

\A\ > 10"iC^|F'"=^| > 10-\'^d^\B'^''^\ > 10-\'^d^ > d 
(LPP: C ^ ?7 = d-^), and 

|rA/,,,il,|c/^/,,Ml <2(|1¥gI + I^I) + |s'"I + |g'=^| < 

< {2{C^ +3C^d-'^) + 2C^d-'^)\G'"'\ < SC^^IG'^^I < 30C"^|G| < d\A\ 

(LPP: C^V^ d-^)- 

Assume that one of Ta/j-^i, Uai,],! belongs to (G) C G(i). Then one of S'"'^, 
C^'^ is conjugate in rank i to a power of G. However, by Lemmas |H||3 

(LPP: C,>~ rj ~ d^^), whence |i?|, |G| < |G| which is a contradiction to Lemma 
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Now we let z* — 2. It follows from definitions that, in the foregoing notation, 
we can assume that 

and / = f{A-f,j, 2) is kjf. Hence, in view of Lemmas IHl [3 IHl 'v^e have 

< I/I < 100C\ 
\A\ > 10-2C^|G'"'^°| > lO-'^C^d\F'^'"'\ > lO-^C^d^ > ^ 
(LPP: C>~ r]^ d-i) and 

\TAf,j,2\, |C/a/j,2| < 2{\Wh\ + \Wg\ + \Z\) + IG'^-I + IC-^^I < 

< (2(2C"^ + C^d-^ + SC'^d-'^) + C'^d-^ + C-^d-'^)\H^» I < 

< 5C'^\H''"\ < 500C^\H\ < d\A\ 

(LPP: ( y T] — d^^), as required. 

Assume that one of T4/ J 2; belongs to {H) C G{i). Then one of G'^'^ , C*^'^ 

is conjugate in rank z to a power of H. However, we saw above that |i3|, |G| < |G| 
and it follows from Lemma |H1 that 

|G| < c^d-^ ■ moc^\H\ < \H\ 

(LPP: Q >- rj = d^^). Therefore, |G|, |G| < |i?| and, as before, we have a contradic- 
tion to Lemma 13 Lemma is proved. □ 

Lemma 10. Suppose that [Xi^Yi) and (X2,l2) two pairs of words such that 

{XfY^^YXf is conjugate m rank i to {X^Y^YX^ and [Xi.Yi] / 1, [X2, ^2] ^ 1- 
Then the pairs (Xi, Yi) and (^2,^2) o,re conjugate in rank i. 

Proof. Without loss of generality we can assume that 

JV\ — , A2 = i>2 7 1-1 — ^iL'i ^17 1-2 — ^2^2 ^2 ! 

XtYt ^ Wd, d\"- W^l , XiY^ ^ Wd. i?2°' W^l 7 

where i32 7 Gi, G2, Di, D2 are words simple in rank i or periods of rank < i, 
the words Zi, Z2, Wdi , have the minimal lengths among all words satisfying 
the corresponding equalities, and if Ai E {Bi, ^2, Gi, G2, fi, -D2} is conjugate in 
rank i to Af^, where A2 € {Bi, B2, Gi, G2, Di, £'2}, then Ai = A2. 

Consider a reduced annular diagram A of rank i for conjugacy of the words 
Wo^of^'^W^lBf''^ and Wo^Df^'^W^lBf''^ Denote two cyclic sections of 
the boundary 9 A of A by piqi and (^292)^^7 where 

^{P2) ^ D^'^-^ , ^{q2) ^ W^lBf^- . 
It follows from Lemma El that 

\WalBf^'WDA < iir'|Di°M < iic-2d-i|i?f°^| < c'|i?f°M 

(LPP: C^V = d-^)- Analogously, {Wj^^ B^'^'^^Wd^I < C^l-Cf "'|- Hence, 

|gi|<C'bi|, k2|<C'b2|. (28) 
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Assume that > Cb2|- Then it follows from (|28|1 that 

1^2921 < (i + C')b2| <r'(i + C')|gi| <C'(i + C')bil <Cbil- 

Hence, IP292I < C|Pi| and, in view of (|28|1 . A is an i^-map whose existence contra- 
dicts Lemma^and Lemmas 24.7, 25.10 |16| . 

Therefore, we can assume that < C\P2\ and, similarly, \q2\ < C\Pi\- Now we 
can see that A is an /-map. It follows from Lemmas 0] and 25.10 ^] that Di = 
D2 ^ D and the sections pi, p2 are D-compatible. By LemmaEl I^dJ < 100(^^. 
Hence, using estimate ((^HJ, we get 

kil < C'bil = C'l<'°^ I < looc^l^^f I < ClDfl = C\D% 

Analogously, |g2| < Cl^"*!- 

If koi 7^ , then cutting A along a simple path, that makes pi and p2 in- 
compatible, we could turn A into an F-map whose existence contradicts Lemma ^ 
and Lemmas 24.7, 25.10 fTC'. Hence, it is shown that ku-^ = ko^ = k. Cutting A 
along a simple path, that makes pi and p2 Z?-compatible, we can see that 

for some integer Id. By LemmaOl Bi and (-62)^^ are conjugate in rank i. Hence, 
Bi = B2 = B. It also follows from Lemma 13 that fes^ = /csa and Wd2D^"Wjj^ = 
j^^B f-Qj. some integer £b- This implies that Wdi = B^^^Wd^D^" and so 

XfY^ = Wd^D''W]^1 = B-'^^Wd2D'^"D''D-'^"Wjj^B'^'' = 

= b-'^^'x^y^b'^'' = x^b-'^^y^b'^^. 

Since Xi = X2 = B^^i , we obtain that Yf ^ B-^^Y^B^^ . By Lemma H Yi = 
^-^sy-^i?^^ and we see that the pair (X2, 12) is conjugate in rank i to {Xi,Yi) by 
B^'^ . Lemma [Till is proved. □ 

Lemma 11. Suppose that (A"i,Yi) and (Ar2,y2) are two pairs oj words such that 

{XfY^YXf is conjugate m rank i to {{X^Y^YXf)-^ and [Xi,Yi] ^ 1, [^2,^2] ¥= 
1. Then the pairs (ATi, Yi) and {X2^,Y2^^) are conjugate in rank i. 

Proof. Observe that {{X^Y^)'^Xi)-^ = {{X^^)'^{Y2-^)'^)'^{X:^^)'^ . Therefore, if 
{XfYfyXf is conjugate in rank i to {{X^y/)'^X^)-^ , then {XfY{^)'^Xf is conju- 
gate in rank i to ((A:2"^)'*(y2~^)'^)''(^2"^)''- Hence, our claim follows from LemmalTUl 

□ 

Lemma 12. Suppose that (Xi.Yi) and (Ar2,y2) are two pairs of words such that 

i i 

Vi{Xi^Yi) is conjugate in rank i to Vi{X2,Y2) and [Xi,Yi] ^ 1, [^2,12] 7^ 1- Then 
the pairs (Xi,Yi) and {X2,Y2) are conjugate in rank i. 

Proof. Conjugating the pairs (ATi, Yi), {X2, Y2) in rank i if necessary, we can assume 
that 

Ai = , yi = '^I'^i , A2 = i>2 ' ^2 = ^2^2 ^2 ' 

where each of _Bi, _B2, C\, C2 is either simple in rank i or a period of some rank 
< i and, when Bj^^^ , ^2^^ , Ct^^ , €2'^^ are fixed, the words Zi, Z2 are picked to 



NON-HOPFIAN RELATIVELY FREE GROUPS 



13 



have minimal length. Furthermore, consider the following equalities 

XiY,^ ^ Wd, d'"^ W^l , X!^Yi ^ Wd. d',"^- W^] , 

{XiYtYxi ^ We A"' {XiYffX^ ^ WeA"' 

[{{XfYtfxtY, Xf] ^ WfA"' Wp^, [{{X^Y.yxif, X|] ^ WfA"' Wp^\ 

where each of Di , Ei, Fi, D2 , £'2 F2 is either a simple in rank i word or a period 
of some rank < i and the conjugating words , Wei , Wpi , , We^ , W^F2 are 
picked (when Di, Ei, Fi, D2, E2 F2 are fixed) to have minimal lengths. 

We can also assume that if Ai £ {Bi, Ci, Di, Ei, Fi, B2,C2, D2, E2, F2} is con- 
jugate in rank i to Af^, where A2 G {Bi,Ci, Di, Ei, Fi, B2,C2, D2, E2, F2}, then 
Ai = A2. 

Consider a reduced annular diagram A of rank i for conjugacy of the words 
Wf,F^'"'''Wp^^zA^' Z-^ and WF2F2''^^Wp^^Z2C2^^ Z'^. Denote two cyclic sec- 
tions of the boundary OA of A by piqi and (^292)^^, where 

^(pi) ^ Ff , ^(qi) ^ Wj^^'zA^^ Z^'Wf, , 

^{P2) = Ft"' , if{q2) = M^^>2C^^ Z2^Wf2 ■ 

It follows from Lemma that 

\Wf^zA^' Z^^Wf, I < + 7C-'d-')|i^^^ I < 

(LPP: C ^ = d-^). Analogously, \Wp^ Z2CI''' Z2^Wf2 \ < C^lPf'l- Hence, 

kiKC'bil, k2|<C'b2|. (29) 

Assume that > (^\p2\- Then it follows from (|29|l that 

1^2921 < (i + C')|P2| <r'(i + C')l'7i| <C'(i + C')bil <Cbil- 

Hence, IP292I < C|pi| and, in view of H29|l . A is an i^-map whose existence contra- 
dicts LemmaHand Lemmas 24.7, 25.10 |16( . 

Therefore, we can assume that \qi\ < C\P2\ and, similarly, \q2\ < C\Pi\- Now 
we can see that A is an /-map. By Lemmas 0] and 25.10 'TC', Fi = F2 = F and 
sections pi and P2 are /"-compatible. By LemmaEl \kFi \ < lOOC"^. Hence, using 
estimate ()29|l . we have 

\qi\ < C'\pi\ = C'I<"N < lOOC^lFfl < C\F,'\ = C\F% 

Analogously, |g2| < Cl^'^l- 

If kFi 7^ kF2, then, cutting A along a simple path, that makes pi and p2 F- 
compatible, we could turn A into an /"-map whose existence contradicts Lemma 
Hand Lemmas 24.7, 25.10 Hence, kpi = kF^ and, cutting A along a simple 
path, that makes pi and p2 /"-compatible, we can see that Yi and Y2 are conjugate 
in rank i. 

Since kp^ fc^a , it follows from definitions that the word \Wei E-^ ^eI ' -^1 ] 
is conjugate in rank i to [iy_E2 ^2 '^^^ ^ija^ i ^2 '^^^ ] ■ Let A be a reduced annular 
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diagram of rank i for conjugacy of these two words. Denote two cyclic sections of 
the boundary dA of A by piqip2q2 and {psqaPiQi)^^ , where 

^(P3) EE ^(p4)-^ EE i?f , ^(gs) ^ Viq^r' EE W^^^ii?f W^iJ, . 
It follows from Lemma El that 

(LPP: C ^ = d-i). Therefore, 

|giUg2| < C'bil and |gi|, Igal < C'b2|. (30) 

Similarly, 

1931,1941 <C'|P3| and ks 1,194 1 < C' 1^41 • (31) 
Assume that \qi\ > Cbal- Then, by (jSOjl-lISIll, we have 

|P393P494| <2(1 + C')|P3| <2r'(l + C')l9i| <2C'(1 + C')bi| <Cbi|. 
In view of estimates (I3U |I - H31|I . we can turn A into an i?-map A' by pasting together 
qi and (72- It follows from Lemmas 24.6, 25.10 16 that the images of pi and p2 in 
A' are i?i -compatible. This implies that kp^ = 0, contrary to Lemma^l 

Therefore, we can assume that \qi\ < CiPal and, similarly, jgaj < C|Pi|- Now we 
can see that A is an /-map. If pi and p2 are i?i -compatible in A, then fci?^ — 0, 
contrary to Lemma^l Hence, pi and p2 may not be i?i-compatible in A. Similarly, 
Pa and p4 are not _B2-compatible in A. Therefore, it follows from Lemmas ^ and 
25.10 JHI that El = E2 = E and either pi is i?-compatible with p^^ and p2 is 
i?-compatible with p'^^ or pi is i5-compatible with p'^^ and p2 is _B-compatible 
with p^^ . Let ti and ^2 be simple disjoint paths in A that make corresponding 
pairs of paths pi, p2, P^^ i Pi^ i?-compatible. Let us cut A along ti and t2 and 
then paste the two resulting diagrams along the images of (73 and q^^ (recall that 
(/^(ga) = Lp{q4)~^). Let Aq denote the simply connected diagram of rank i thus 
obtained from A. Observe that 

(^(9Ao) = E[^WElBf^'WE,E-'^WElB;''''"'WE, = 1, (32) 

where either £e = d(kEi — ^£2) case when pi is i?i-compatible in A with 

pj and p2 is -Ei -compatible with or £e = d{kEi + ^.Ba) the case when pi 
is i?i-compatible in A with p^^ and p2 is -Ei -compatible with p^^. If kEi 7^ ikE2 
then it follows from Lemma |21 equality (|32|l and definitions that Bi = Ei. On the 
other hand, it follows from Lemma |H1 that 

\Bi\ < C'd-^lEl'^'l < 100C'd-'\Ei\ < \Ei\ 

(LPP: y T] = d~^). This contradiction shows that kEi = ±^£3 and so E^"^^ = 
j^±kE2 ^ By definitions, this means that the word (XfYf)'^Xf is conjugate in rank 
i to {{XiY2^)'^X^)^^. 

Assume that {XfYf)'^Xf is conjugate in rank i to {{X^Y2^)'^X^)-^ . Then, by 
Lemma im Yi is conjugate in rank i to Y^^ . On the other hand, as we saw above, Yi 
is conjugate in rank i to l2- Hence, Y2 is conjugate in rank i to 1^2^^. This, however, 

^ i 

by Lemmas El and 12 implies that Y2 — 1. This contradiction to [Xi, Yi] 7^ 1 proves 
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that {XfYfYxf is conjugate in rank i to (X|y2'^)'*X|. Now a reference to Lemma 
1101 completes the proof of Lemma IT^ □ 

4. Proof of Theorem 

Our Theorem is immediate from the following below Lemmas 11311141 

Lemma 13. The group G{oo), defined by presentation 0, is naturally isomorphic 
to the free group F(A)/Wi^2iF{A)) of the variety 97t in the alphabet A. 

Proof. It follows from the definition of defining words of the group G{c>o) that each 
of them is in Wi_2{F{A)) and so there is a natural epimorphism 

G(oo) ^ F{A)/Wia{F{A)). 

Suppose that X, Y are some words in A"^^ and 

w,,{X,Y)^l (33) 

in the group G'(oo), where z* e {1, 2}. 

Let A be a period of some rank such that A^ for some / is conjugate in G(oo) to 
Vz* {X, Y). (The existence of such an A follows from definitions and Lemma|3| see 
also Lemma 18T Note that, in view of (|33|l . [^,^1 ^ 1 in G(oo). Hence, by 

Lemmas |51 13 IHl we can replace the pair {X,Y) by a conjugate in the group G(oo) 
pair (X,y) such that X = B'"' , Y = ZC'^^Z"^, and Vz*{X,Y) = WaA^W^'^ in 
G(oo), where B, C are some periods, |/| > and 

^ ^ i^dfe^i ^ \c'^kc\+2\Z\ < 8C'^d-^\F''''\ < 8C^d-^\Af'\. 

Hence, the length \vz'iX,Y)\, which is either \ [{{X'^Y'^YX'^Y , X'^]'^Y\ if z* = 1 or 
\[{[{{X'^Y'^)'^X'^)'^,X'^]'^Y)'^,X'^] \ if z* = 2, can be estimated as follows 

\vz'{X, Y)\ < 2d{d{2d{d{\X^\ + \Y'^\) + \X^\) + 2\X^\) + \Y\) + 2|X'^| < 

< bd^ilX'^l + lY'^l) < 40dC^|A^| < 10^dC'^\A\ 

for < I/I < lOOC^^ by Lemmas |3|S1 Consider a reduced annular diagram A of 
some rank i' for conjugacy of v^' {X, Y) and A-^ . By Lemmas^and 22.1 A can 
be cut into a simply connected diagram Ai along a simple path t which connects 
points on distinct components of OA with |t| < 7|9A|. Therefore, 

|9Ai| < (1 + 27)|aA| < (1 + 27)(10'*dC"^ + 100C^)\A\ < ln\A\ 

(LPP: jyC)~r] = d-^yL = n-^). Then, by Lemmas [2 20.4 and 23.16 [TH) 
applied to Ai, the diagram Ai contains no 2-cells of rank > |^|, whence Ai, A are 
diagrams of rank |j4| — 1. Since A € X|^| , it follows from the construction of defining 
words of rank |^| that there will be a defining word in §m which guarantees that 

Wz-'iXjY) = 1. A contradiction to the assumption (|33|l proves that G(oo) is in 9JI 
and Lemma [T51 is proved. □ 

Lemma 14. The group G{oo), defined by presentation Q), is not hopfian. 

Proof. By Lemma 1131 G(oo) is the free group of 3Jt in 71 and, therefore, every 
map ai Ui, . . . , Om — > Um, where Ui, . . . , Um are words in A^^, extends to a 
homomorphism G(oo) — > G(oo). 

Consider a homomorphism ■ G(oo) — > G(oo) defined by V'oo(aj) = % if J 7^ 2 
and 1^00(0,2) — wi (01,02). Observe that the relation u'2 (01,02) = 1 in G{co) and 
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the definition ^ of tlie word W2{x,y) ensure tliat 02 G (ai, wi(ai, 02)) C G(oo). 
Hence, V'oo is an epimorpfiism. Assume tliat i/'oo is an automorphism. Then it 
follows from the relation wi{ai, 02) = 1 in G{oo) that the word 

n — ^'^i^"^^2„n+2 „^h/-2-2 n+h-i^^h/l (n+h-2)+h/2 

\J Ctj^ tJ-]^ ^^-2 • ■ ■ 2 1 2 1 2 

£1 -(n+1) e-2 -(n+3) -(n+h-3) £h/2 -(n+h-1) 

0,1 0,2 "1 ^^2 . . . fl]^ flj O^ "2 

is equal to 1 in 0(00). Note that U is cyclically reduced and \U\ < {n + h)h. 
Consequently, 

\U\<{n + h)h<{l~a){h-l)nd (34) 

(LPP: C = h-^ y'n = d-^ y L = n.-^). 

On the other hand, since J7 = 1 in G(oo) and [/ 7^ 1 in the free group F{A), it 
follows from Lemmas ^ and 23.16 TB' that 

|C/| > (1 -a)|an|, (35) 

where 11 is a 2-cell of positive rank. Furthermore, it follows from Lemmas El and 
20.4 [ini (together with condition B, see Sect. 20.4 ^) that 

\dn\ > {h ~ l)nr{n) > {h - l)nd (36) 

for an arbitrary 2-cell 11 of rank r(n) > 1. However, inequalities H35|l - H36|) contra- 
dict 1)34(1 . This contradiction shows that J7 7^ 1 in G(oo). Thus, U is in the kernel 
of "000 and G(oo) is not hopfian, as required. □ 

In conclusion, we remark that, for every i > 0, the group G{i), given by pre- 
sentation 0, is finitely presented (this follows from definitions and Lemmas EHOl 
and satisfies a linear isoperimetric inequality (this can be proved similar to Lemma 
21.1 Therefore, G(i) is a torsion-free Gromov hyperbolic group (see pi) and 
so, by Sela's results ^SIj G{i) is a hopfian group. Therefore, the non- hopfian group 
G(oo), given by presentation ((TJ, is a limit of hopfian groups G(i), i = 0, 1, . . . . 
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